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\Q '. Abstract 

o 

• We construct a representation of U q {sl2) at level —1/2 by using 
the bosonic Fock spaces. The irreducible modules are obtained as 

kO" the kernel of a certain operator, in contrast to the construction by 

d ■ Feingold and Frenkel for q = 1 where such a procedure is not necessary. 

q-i We also bosonize the (/-vertex operators associated with the vector 

^ \ representation. 

•i-H 

x. 

1 Introduction 

The q- vertex operators introduced by Frenkel and Reshetikhin(|7]]) have im- 
portant roles in the theory of solvable lattice models. In particular, at a 
positive integral level, the g-vertex operators are closely related to general- 
izations of the XXZ spin-chain and the RSOS models. 

In , Kac and Wakimoto introduced a class of irreducible highest weight 
representations of affine Lie algebras called admissible representations which 
is wider than the class of integrable representations. Admissible representa- 
tions have a fractional level, and therefore they are not integrable in general. 
They proved the character formula for admissible representations, which is a 
generalization of the Weyl-Kac character formula. From this formula, we see 
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that the set of the characters of admissible representations of the same level is 
closed under the modular transformations. Furthermore, the minimal series 
of the Virasoro algebra are constructed from the admissible representations 
by tensoring the level 1 integrable representation(the coset construction). 
This shows that the concept of the admissible representations is a natural 
generalization of that of the integrable representations. 

Feingold and Frenkel constructed level —1/2 highest weight admissible 
representations of sp 2n m terms of bosons(0j). In sp 2 = s ^2 case, the repre- 
sentations are constructed as follows. Let {(3 ni ^ n \n El} (I = Z or Z + 1/2) 
be the following bosonic /3-j system 

[An, (3n] = [lm, In] = 0, [f3 m , J n ] = 5 m+nfi , 

and let T be the Fock space generated by the vacuum vector \vac) satisfying 
f3 m \vac) = 7„|f ac) = for m > 0, n > 0. 

We set 

E ( n ) = ~2 £ fi^™' ' 

n=m+m' 
n=m+m' 

F{n) = i 7m7m' , 

n=m+m' 

where : : is the normal ordering defined by 

( An7n {m < n) 

■ Pmjn ■= I \{f3mln + InPm) O = n) 

[ InPm (m > n) 

Then, {E(n), H(n), F(n)\n G Z} forms sl 2 of level —1/2 and T is completely 
reducible as an s^-module. The decomposition of T into the irreducible 
components is calculated by characters([|rj]]). In ||, the decomposition was 
proved by using the action of the Virasoro algebra via the Sugawara con- 
struction. 

Let 4>\{z)i 4>2 (z) be two independent bosonic fields normalized by 
0iO)0iM log(z - w), 
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2 (^)02(W) ~ l0g(z - W). 

It is known that the bosonic (3- r ) system can be expressed by 4>\{z) and 02 {%) 
as follows ( ||). 

/3(z) = J2P n z- n - 1 — : d z Mz)e Mz)+Mz) : , 



7<>) = 



-n . -4>i(z)-4> 2 (z) 



The Fock space of the bosonic /3-7 system is obtained as KeiQ~, where 
Q~ = § : e"^ 2 ^ :. Using the above picture, we can rewrite the representation 
by Feingold and Frenkel in terms of 4>i{z), <f>2(z). 

The aim of this paper is to construct a g-analogue of the representation in 
terms of 4>\{z), <p2{z) and bosonize the corresponding q- vertex operators as- 
sociated with the vector representation (cf . fll6| ) . In Section 2, we review the 



known results about the quantum affine algebras and admissible representa- 
tions. In Section 3, we construct the g-analogue of the above representation. 
In Section 4, we bosonize the g-vertex operators. Section 5 is devoted to the 
proofs which are not given in the previous sections. 



2 Preliminaries 

In this section, we recall the definition of the quantum affine algebra Uqisl^) 
in order to fix the notations and review the results about the admissible 
representations in fT2|| . 



Let P and P* be free Z-modules as follows. 

P := ZA © ZAi © Z5 , P* : = Hom(P, Z) = Zh © Zh x © Zd . 

We call P and P* the weight lattice and the coroot lattice respectively. The 
pairing is given by (A^hj) = 5ij, (A^d) = 0, (S,hj) = 0, (S,d) = 1. Let 
«o = 2Ao — 2Ai + 5, «i = 2Ai — 2Ao be the simple roots. We fix an invariant 
symmetric bilinear form on P such that (aj|«i) = 2, («o|«i) = —2. 

We denote the base field Q(q^) by K. The quantum affine algebra U q {sl 2 ) 
is the K-algebra generated by the symbols {7 ± 2, K, q ±d , hk, xf (k E Z\ 
{0}, ieZ)} which satisfy the following defining relations([§]). 

7*5 e Center of U q (sl 2 ) , 727-2 = 1 , KK~ X = K~ X K = 1 , 
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q d q d = q d q d = 1 , q d xf q d = q k xf , q d h k q d = q k h k , q d K = Kq k , 
[h k ,K} = 0, [fc fc ,/ l| ]=^ >0 Mi£^, [ = ±^7^4+* , 

n.X k I\ —q X k , J-fc+l-^i y x l x k+l — ^ x k x l+l x l+l x k i 

[xt, xt\ = j^-M^ 2 ^ - 7 (/ " fc)/ v fe+ /) 

where 

oo / oo \ 

ipkZ~ h = Kexp\(q- q~ v ) ^ a k z~ k , 

k=0 \ k=l / 

oo / OO \ 

V-kZ~ h = K^esxp -(q - g" 1 ) £ a_ fe z~ fc . 

fc=0 V fc=l / 

Here we used the standard notation 

N = — ■ 

q-q 1 

The Chevalley generators {e^, /j, ^} are given by 

t = 7^ _1 , e = a^/A^ 1 , /o = i^li, h = K, e x = x£, /i = x . 

The algebra f/ g (s/ 2 ) has a Hopf algebra structure with the coproduct A and 
the antipode S given as follows. 

A(t i )=t i ®t i , A(q d ) = q d <g> q d , 

A(eO = ei <g> 1 + U <g> ei , A(/;) = <g> ff 1 + 1 <g> , 

Sft) = t" 1 , S(q d ) = q- d , S(e t ) = -t^e, , S(f t ) = -f t t t . 

Throughout this paper, we denote U q (sl 2 ) by U q and the subalgebra of U q 
generated by {tf 1 , e i: fa (i = 0, 1)} by U' q . We denote by V(A) the irreducible 
highest weight U q (or [/^-module with highest weight A. We fix a highest 
weight vector of V(X) and denote it by |A). If Wi (i = 1,2) has a weight 
decomposition Wi = © M Wi i(U , we define their completed tensor product by 

w 1 ®w 2 =®( n w 1 ,, 1 ®w 2 ,, 2 ). 

H n=ixi+H2 
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Admissible representations are irreducible highest weight representations 
whose highest weight is an admissible weight (|12|). Admissible weights are 
defined as follows. 

Definition. ( ||12| , ||13|| ) We call a weight A admissible if it satisfies the fol- 
lowing two conditions. 

1) (A + p, a v ) {0, —1, —2, —3, • • •} for all real positive coroots a v , 

2) Qi? A = QIT v 

where p is the sum of all fundamental weights, Il v is the set of simple coroots 
and 

R x = {a y : a positive real coroot\(X + p, a v ) G Z}. 

□ 

The classification of admissible weights is given in 0. In the A*p case, the 
set of admissible weights of level m = t/u (t,u G Z, (t, u) — 1, u > 1) is 
given by 

{(m -n+ k(m + 2))A + (n - k(m + 2))A X 

| < n < t + 2u - 2, < k < u - 1 (n, k G Z) }. 

In this paper, we concentrate on the level —1/2 case. The level —1/2 admis- 
sible weights follows. 

13 1 3 

Ai = --A , A 2 = --A + Ai, A 3 = --A 1; A 4 = A - -A x . 

In the level —1/2 case, the characters of the irreducible highest weight s/2- 
modules £(A) have the following formulas due to |Ll . 



chL(Ai) +p 2 chL(A 2 



e -|Ao 



(p2^ 2 ;p) 00 (p2 2 ; l;p) c 



— -Ai 

chL(A 3 ) + chL(A 4 ) 



c 

where p = e~ 6 , z = e~ ai and (a;p)oo = Il^Lo(-'- — ap n ). 
We use the difference operator 1 d z defined by 
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q ^ (ga — q 2)z 
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3 Construction of representation 

Let {a n , b n \n G Z} be a set of operators satisfying the following commutation 
relations for n ^ 0. 

r i M-H [7 , i 
[a n , a_ n J = £— , 6„, 6_ n = n. 

n 

The other commutation relations are zero. We define the Fock module Fi u i 2 
by the defining relations 

a n \k,l 2 ) = (n>0), 6 n |Zi,Z 2 > = (n > 0) , 

aol^i, Z 2 ) = ^i h) , b \k, l 2 ) = k\h, h) , 
where \l±, l 2 ) is the vacuum vector. The grading operator d is defined by 

d.m, i 2 ) =(-x>-i>+ ll ~ l * +l2 )f\h, h) 
i=i i=i / 

for / = a_ mi • • • a_ mfe 6_ ni • • • b_ ny . We set 

Zie±z,z 2 ez 

We define the operators e Pa and e Pb on as follows. 

e Pa \h,l 2 ) = \h + l,k) , e^|Z 1 ,Z 2 ) = |Z 1 ,Z 2 + l>. 
Let : : be the normal ordering defined by 

: a m a n := a m a n (m < n), a n a m (m > n), 

■ b m b n := b rn b n (m<n), b n b m (m>n), 
: e Pa a :=: a e Pa := e Pa a , 
: e Pb b :=: b e Pb := e Pb b . 
Consider the following currents. 

oo oo 

Y?{z) = exp(± £ 7^9****) exp(T £ ^^i*"*)^*** 

fc=l L 2 K J fc=l i 2 K J 
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OO L OO L 

Y±(z) = exp(± £ -=±z k ) exp(T £ ^z~ k )e ±Pb z ±b ° . 
k=i k k=i k 



Proposition 3.1. T is a U q -module of level —\ under the action of U q 
defined by 

7 i — ► ) K i — > q a ° , 
h n i ► a n , q d i > q d , 



\q 2 + g 2 9^ 



- : i d,Y+{q*zUd M Y?(q-*z) :)Y a + (z) , 



X-(z) .— > i 1 , : n"(9^)n"(9 - ^) = TO 

<p + g 2 



w/iere 



The proof will be given in Section 5.1. 

The weight of \h,h) is \l\a\ — — l\ + ^2)^- The space T includes 
four irreducible highest weight submodules as we will see below. Consider 
the operator defined by 

or ■= j> y ft~(*) 271 y~i : Thh — y -^i^-i- 

We define Ti (i = 1,2,3,4) by 

Ti : = Ker(Q~ : Fi+ra+u -> .Ti+^+^-i). 
«e2Z 

where (r^) = (0,0), (1,1), (-1/2,0), (1/2,1) for % = 1, 2, 3, 4, respectively. 
Then we have the following theorem. 

Theorem 3.2. Each Ti (i = 1,2,3,4) is an irreducible highest weight Uq- 
module isomorphic to V(AJ), where \[ = — |A , Af, = — §A + Ai — \5, 



A3 = — |Ai + A4 = Ao — |Ai + |5. TTie highest weight vectors are given 
by |Ai) = |0,0), |A' 2 > = 6_i|l,l), |A' 3 ) = | - 1/2,0), |A^> = | -3/2,-1). 

Proof. It can be checked immediately that each |A-) is a weight vector of 
weight A^, satisfies the highest weight condition and belongs to Ti. Since 
[U q , Q~] = (which will be proved in Section 5.2), Ti is a {7 9 - module. Next, 
we calculate the character of Ti. We may understand Q~ as the zero mode 
i]o of the fermionic ghost system (£,77) of dimension (0, 1). 



= = E , ^z) = Y b ~(z) = J2 ri n , 

neZ neZ 



y -n-l 



Since we have t)q — and £o?7o + ?7o£o = 1, we obtain the following exact 
sequence for any l\, l 2 

— > Keijr hth Q~ — > T hth — > Ti lh -\ — > Ti u i 2 - 2 — > 

Using this exact sequence, we can compute the character of T. Since a n and 
b n have weight n<5, we can easily see 

z -\h p -^{il-il+h) 
ch.Fi h = — , 

(p;p Too 

and hence 

C h(^©^ 2 )= ^ch(Ker^ m g-) 

meZ 

= {p;p)'J e e (-ir-v^ (m2 - fc2+fc) 

mgZ fc<m 
(4) 1 

The last equality (*) will be proved in Section 5.3. Similarly, we have 

_ 1 1 

ch (T 3 ®T A ) ' 



c 

Hence, by the character formulas in Section 2, 

chFi = chL(Aj). 
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As in Lusztig( ||15|| ), Ti becomes a certain s/2-module in the classical limit 
q — ► 1. Since the dimension of each weight space is invariant in the limit, the 
s/2-module in the classical limit is irreducible. Therefore Ti is irreducible for 
a generic q. □ 

We obtain V(\i) from V(X' i ) by shifting the grading operator d to di, 
where di = d, d + |, d — |, d — |, for % — 1, 2, 3, 4, respectively. This rep- 
resentation becomes the representation constructed by Feingold and Frenkel 
in Q in the classical limit g — > 1. The relation between a n , b n and 4>i(z), 
4>2(z) in the introduction is as follows. 

Y?(z) — e ±2 ^ l(2) : , — e^ 2(2) : . 

4 The ^-vertex operators 

4.1 Definition of the q- vertex operators 

We recall the definition and some properties of the g-vertex operators in our 
case (f?j, [[[]). We consider the 2-dimensional U' module V = Kv + © Kt>_. 
The [/'-module structure on V is given by 

ei.v + = f .v + = 0, ei.v- = f .v- = v + , 

e -v- = fi.v- = 0, e .v + = f 1 .v + = u_, 
t .v± = q Tl v±, t 1 .v± = q ±1 v±. 
The affinization of V is the following [/^-module V z . 

We define the [/g-module structure on V z as follows. 

d.iv ® z m ) = d.v ® z m+s ™ , f i .{y®z m ) = f i .v®z m - Sw 
U.{v ® z m ) = U.v ® z m , q d .{v®z m ) = q m v®z m . 

Definition 4.1.(0) The q-vertex operator is a U q -homomorphism of one of 
the following types. 



9 



Type I : 

<£f (z) : V(X) — 7^)®^ 

T^/pe II : 

v ^ x (z) : 7(A) — V z ®V(ji) 

□ 

The existence conditions of the q- vertex operators are known in 0. In our 
case, the q- vertex operators exist only for (A, /i) = (Ai, A2), (A2, Ai), (A3, A4), 
(A4, A3). Furthermore, each of them is unique up to a scalar. Here, we take 
the following normalization. 

&^(z) I A) = ® v + + ( the terms of positive powers in z ) 

for (A,/i) = (A 2 , Ai), (A 3 , A 4 ), 
$^(z)|A) = <8> v _ + ( the terms of positive powers in z ) 

for (A, fx) = (Ai, A 2 ), (A 4 , A 3 ). 
For the type II, we take a similar normalization. 

4.2 Bosonizations 

In this subsection, we construct an explicit form of the g-vertex operators on 
J-i's. We define the components $^ ±(z) of the q- vertex operators as follows. 

$f(z)\u) = ®f+(z)\u) ®v + + $f„(z)\u) for \u)eV(X), 

For the type II, the components are defined similarly. 

Using the same technique as in || (c.f. fpTlfl , fpLOf] ^ , the components of the 



(/-vertex operators are given by the following theorem. 
Theorem 4.2. 

1) *?-{z) = J + (qh) id z Y+(qh)r, 



<£f + (*) = [*f-(*),/l] 
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3 3 1 3 1 

1, —q*z, —q^zi , — g4£2 
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for (A, fi) = (Ai, A 2 ), (A 2 , Ai), (A 3 , A 4 ), (A 4 , A 3 ), 
2) V ^ + W = J-(q-h)Y-(q-h)r, 
v & x -{*) = [ V &x + (*),ei Ln 

_1 _I _I I _51 

r = —q ,q 2 z,q ^z 2 ,q 4 z 2 

/or (A, //) = (Ai, A 2 ), (A 2 , Ai), (A 3 , A 4 ), (A 4 , A 3 ), 

where 



[X,Y] q = XY-qYX, 

oo oo 

J^{z) = exp(± a- k q T ^ k z k ) exp(± ^ a k q T ^ k z~ k )e 

k=l k=l 
„ g 2 + g 2"" 

a, = m a k . 

Proof. The proof of the intertwining relations will be given in Section 5.4. It 
can be checked directly that the operators defined in 1) and 2) anticommute 
with Q~ . Therefore, they give operators on the .TVs. □ 
We give an example of the two-point functions of the g-vertex operators 
by using the above bosonization formulas. 

where z = z\jzi- 



5 Proofs 

In this section, we give the proofs postponed in the previous sections. We list 
the following formulas on Y^(z), Y^(z) and J ± {z) defined in the previous 
sections. 

(1) M»= ^M^M: 



[z — q ±2 w)(z — qw)(z — w)(z — q 1 w) , 
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(2) Y?(z)Y?(w) 

=. Yt{z)Y?{ W ) : (z - q l W )(z - qh w ){z - q -h w ){z - q ~i w)l 

(3) Y b ± (z)Y b ± (w) =: Y b ± {z)Y b ± (w) :(z-w), 



(4) Y±{z)Y?tw) 



(5) J ± (z)Y^(w) =: J ± (z)Y a ± (w) : 

(6) Y a Hw)jHz) =: jHz)Y a Hw) : 



z — w 

1 



(z — qzw)(z — q 2w) 
1 



w — q* z){w — q 2z) 

(7) J ± (z)Y a ^(w) =: J ± (z)Y a f (w) : (z - w)(z - q^w), 

(8) Y^J^z) =: ^(z^H : (w - z)(w - q^z), 

where means the formal power series \ J2k>o(^) k - The above equations 
should be regarded as formal power series in z and w. In the proofs, we will 
use the formal delta function S(z) = J2kez % k ' ■ 

5.1 Proof of Proposition 3.1. 

Before starting the proof, we recall the defining relations of U q in terms of 
the generating functions X ± (z) = ^ZkaT, x k z ~ k ~ 1 m the level —1/2 case. 

Rl) KK~ X = K' X K = 1, q d q- d = q~ d q d = 1, Kq d = q d K, 

R2) q d h k q- d = q k h k , q d X ± (z)q~ d = q~ 1 X ± (q- 1 z), 



R3) [h k , K] = 0, [h k , hi] = 5 k+ i fi 



[2j]HN 

k : 



BA) KX ± (z)K' 1 = q ±2 X ± (z), [a k , X ± (z)] = ±^ q ±^X ± (z), 
R5) (z - q- 2 w)X~(z)X~(w) + (w - q~ 2 'z)X~ (w)X' (z) = , 
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R6) (z - q 2 w)X + (z)X + {w) + (w- q 2 z)X + {w)X + (z) = , 

R7) [X+(z),X-(w)} 

q - q' 1 zw y w wq - 

where 

4>(z) = K exp ((g - q- 1 ) EZi h k z- k ) , 
<p(z) = K- 1 exp (-(g - g^ 1 ) ££° =1 ^^*) • 

The relations -Rl), -R2) and R3) are trivial. The relation R4) follows from 
the following formulas. 

q^Y a ± (z)q-^ = q ±2 Y±(z), 

[a k ,Y±{z)\ = ±^ q ^z k Y±(z) for k ? 0. 

For the proof of relations R5), R6) and R7), we introduce M 1 + (z), M£(z), 
M£(z) and M ± (z) as follows. 

Mt{z) =: Y a + (z)Y b + (qz)Y b + (z) :, 

M+(z) =: y+^y+^y+fa- 1 *) :, 

M+{z) =: F+^F+M^^-^) :, 

M + (z) = q^M+(z) + q~^M+(z) - (q^ + q~^)M+(z), 

M-(z) =:Y+(z)Y b ~(qh)Y b -(q-h):. 

The action of X ± (z) is expressed by these currents as follows. 



(q — q~ 1 )(q 2 ~q 2 )z 2 <p + g 2 

Using (1) — (4), we see 

(z - q~ 2 w)M~(z)M-(w) =: M~(z)M"(w) : (z - w). 

13 
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The relation R5) follows from this. 
Next, we check the relation R6) 

(z-q 2 w)M + (z)M + (w) 
= : M+(z)M+(w) : q 3 (z-w) 



+ 


M+(z)M+(w) 


2 (z — q 1 w)(z — q 2 w) 

7 — nin 


+ 


M+(z)M+(w) 


: qz^q 1 + q" 1 )^ — q~ 2 w) 


+ 


M+(z)M+(w) 


_ 2 [z — qw) (z — q 2 w) 
^ z — q _1 w 


+ 


M 2 + (z)M 2 + (w) 


: q~ 3 (z — w) 


+ 


M 2 + (z)M+(w) 


■ g"l(g2 -|- q~?)(z — q 2 w) 


+ 


M+(z)M+(w) 


: q2(q2 4- q~2)(z — q 2 w) 


+ 


M+(z)M 2 + (w) 


: g~2(g2 + q~i)(z — q~ 2 w) 


+ 


M+(z)M+(w) 


i i 2 (z - w)(z - q' 
(z - qw)( 



2 w)(z — q 2 w) 
'z — q _1 w) 



Symmetrizing it with respect to z and w, we have 

(z - q 2 w)M + (z)M + (w) + (w- q 2 z)M + (w)M + (z) 

= : M+(z)M+(w) : q(z - q~ l w)(z - q- 2 w)-5(^) 

w z 

j uj 

+ : M+(z)M+(w) : q~\z - qw)(z - <? w )- 5 (—) 

+ :M+(z)M+(w): 

(gj + q-\f{z -w)(z- q 2 w)(z - q- 2 w) (gg) - gg)) 

— q~ r ) 
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= ( : M+(qw)M+(w) : - : M+(qw)M+(w) : ) 

xg(g _1 - q)(q - q- 2 )w5(— ) 

z 

+ ( : M+(q- 1 w)M+(w) : - : M+ \q" 1 w)M^ (w) : 



xg^r 1 - q)(q- 1 - Q 2 )wSQ 

qz 



0. 



The relation R6) follows from this. 
Finally, we check the relation R7). 

[M+(z),M-(w)\ 

3 _ 3 

=: Mt{z)M-{w) : q~ 2 - ~ q ~T - : M+(z)M-(w) : W ~ q * Z 

z — q 2iv w — q?z 

i 

= : M+(z)M-(«;) : (z - g-§w)5(— ) 



w 



LXJ — 

(g~ 2 - l)q a ° exp ((g - g" 1 ) £ a n (g^)-")<5(^) 



n=l 

Similarly, 

[M+(z),M-H] 

= (g 2 - l)g^> exp ( - (g - g" 1 ) f) a^g-^ 1 )"")^ A), 

n=l wq 2 

M(z),M-(w)] = 0. 
The relations R7) follows from the above formulas. The proof is completed. 
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5.2 Proof of [U q , Q~] = 

It is trivial that Q~ commutes with 75, K, h k and x^. We will show 
[X + (z),Q~] = 0. We need to calculate the commutator [Mf(z), Y b ~(w)]. 

[M+( 2 ),n-W] =: M+Mn-M : ^^yy ) - *(f )) . 

wwwi == Mfwn-w = ^r^i) (*(f) - ■ 

= : «f(*«TM = 7^1) )) ■ 

Using these formulas, we have 

[M+( Z ),n-(«oi = n + w (n + (^)(«(7> - 



+ n + w(*(f)-^)) + V( 9 -M(^)-<))) 

Picking up the coefficient of iu -1 , we have 

[X + (z),Q-]=0. 

5.3 Proof of the identity in the proof of theorem 3.2. 

In this subsection, we prove the following identity (*) used in the calculation 
of the characters. 

(*) (p;p)« 2 E *"' m E (-if+>^ 2 - 2 + fe ) ! 



meZ k>—m 

In order to prove the above formula, it is sufficient to show 
E(-l) n P* n2 ** n E *~* m E (-l) fe+ >^ fc2+fc - m2 ) = 

neZ m£Z k>—m 

The left hand side is rewritten as 

^(-l)'p^ 2 ^ ^ p ml (-l) k p^ k2+k \ 

leZ meZ k>-m 
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Now, we show S t = Emez P ml Efc>- m (-l) fe ^ (fc2+fe) = (p;p)Lko- 

(1-^)5, = 5,-5: p (m+1)i E (-i)V^ (fe2+fe) 

meZ k>—m 

= Sl _j2 P ml (-1) V (fc2+fc) 

meZ fc>-m+l 

meZ 

= {P]P)oo{p l ]P)oo{p l ~ l ]P)oo 

= 0. 

Hence, Si = for I ^ 0. 

5 =E E (-1) V (fe2+fc) = E E (-i) V (fe2+fe) 

m£Z k>—m radZ k>\m\ 

n>0 

The identity was proved. 

5.4 Proof of Theorem 4.2. 

We give the proof for type I. The intertwining conditions with the Chevalley 
generators are as follows. 



VI) 




= q Tl ^l(z) 


V2) 




= q**I(z) 


VS) 




= 


V4) 


[<S> V -(z),e ] 


= zt $l(z) 


Vb) 




= t^ v {z) 



17 



V6) 




= 


V7) 




= z- 1 ^ 


V8) 




-i=0 


V9) 




= *l(z) 


V10) 




-i=0 



where [X, Y] q ±i = XY - q^YX. 



These conditions are not independent. Actually, as we will see below, some 
of them follow from the others. We recall our construction of *t±(z). 



$ V _(z) = J + (qh) h d z Y b + (qh), 



and is given by V9). From the construction, VI), V2) and V9) are 

trivial. First, we shall reduce the conditions to V3) and the following two 
equations. 



It can be checked immediately that V6) and V8) follow from (A) and that 



V4) follows from (B). 

V5) follows from VI), VQ) and V9). 



= [[$rW,/i] ff ,ei] 

= ll$ v (z),e l ],f 1 ] q -l$ v (z),[e 1 ,f l ]] q 
= -[$rW,[ei,/i]] 9 



mz),x 



(w)} = 0. 




ti-t 



-i 
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V7) follows from V2), VA) and VS). 

= [z-% 1 [Qr(z),e ],fo] 9 
= z-% 1 [[Oy(z),e ],f ] r i 

= z-%\[[§ v (z), / ] 9 -i, e ] q + [® v _(z), [e , / ]],-i) 
= z-V[^-W.[eo»/o]] 9 -i 
-v-U-i[ff.^ / /'-v^ ~ 1 1 

= Z t Q [<P_{Z), q _ q _ 1 \q-l 

= z- 1 $ v (z). 
V10) follows from VA), V9) and V3). 
Air 1 

= [z-% 1 [Qy(z),e ],fi] r i 
= z-H 1 [[^ v (z),e }J 1 } q 
= z-H 1 [[^ v (z)J 1 } q ,e } 

= z-Ho 1 [$l(z),eo] 
= 0. 

Therefore, it remains to prove V3), (A) and (B). 
Frist, we prove (B). Using (4) — (8), we have 

[§ v (z),X~(w)] q xqh = -: Y,-{q 2 z)J + {qh)M-{w) 
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- : Y b -(qz)J + (q*z)M-(w) 

[§ v (z),X-(w)] q -i xqh = -: Y b -(q 2 z)J + (qh)M-(w) 

- : Y b -(qz)J+(q'iz)X-(w) 

(B) follows from these two formulas. 
Next, we prove (A). 

[® v _{z),Mt{w)\ 

= - : J+(qh)Y b +(qz)M+(w) : g <* ~ w) 5(^) 

(q 2 — q)zw w 



2 

=: J + {qh)Y b + (qz)M+(q 2 z) : (q + l^S^ 



Similarly, 

=: J+(qh)Y?tfz)M}(qz) : (9 + ), 
[$ v _(z),M+(w)} 

2 

=: J + {q^z)Y b + {q 2 z)M+{q 2 z) : guT 1 *^) 



+ : J + (gf z)Y b + (qz)M+(qz) : w" 1 ^— ). 



From the above three formulas, we have 

[$ y (,2),M + H] = 0. 
We proved (A). 

20 



Finally, we prove V3). 
M-( Wl )M-(w 2 )^ v (z) 

-(q + q- 1 )M-{w 1 )^ v _{z)M-{w 2 ) + ^(z)M~ (w^M' \w 2 ) 

=: J-( q h)Y^ Z )M-( Wl )M-( W2 ) : ^l±fl^l^ 

[Wi — q^z)[w 2 — qiz) 

{z - q zwxjlz-q 2w 2 ) 

Since : M~ {w\)M~ {w 2 ) :=: M~ {w 2 )M~ {w\) :, the above equation is anti- 
symmetric with respect to wi and w 2 . Hence, the coefficient of u>f l w 2 l is 
zero. We proved V3). 

The proof for the type I q- vertex operators is completed. For type II, the 
proof is similar. 
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